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Abstract – In many surveillance problems the observed
objects are so closely spaced that they cannot always be re-
solved by the sensor(s). Typical examples for partially unre-
solved measurements are the surveillance of aircraft in for-
mation, and convoy tracking for ground surveillance. Ig-
noring the limited sensor resolution in a tracking system
may lead to degraded tracking performance, in particular
unwanted track-losses. In this paper, we further discuss a
recently presented extension of the resolution model by Koch
and van Keuk to the case of arbitrary object numbers, and
it is shown how that model can be incorporated into the
Joint Probabilistic Data Association Filter (JPDAF). Fur-
ther, through simulations of a ground target tracking sce-
nario, it is shown how the incorporation of the resolution
model improves tracking performance when targets are par-
tially unresolved.

Keywords: Sensor resolution, target tracking, closely
spaced targets, group targets, extended objects, negativein-
formation.

1 Introduction
Traditionally, limited sensor resolution has not been con-

sidered when designing target tracking algorithms. Instead,
it has often been assumed that all targets are always re-
solved [1]. In many situations, this is a reasonable assump-
tion, but there are important cases when the resolution ca-
pabilities of the sensor cannot be ignored [2]. Typical ex-
amples of when objects are closely spaced in relation to the
sensor resolution is the tracking of aircraft in formation,and
convoy tracking for ground surveillance. For such applica-
tions, ignoring the limited sensor resolution may lead to de-
graded tracking performance, in particular due to premature
deletion of tracks.

The ability of a sensor to resolve several objects can be
described by the resolution probability. The corresponding
resolution model should approximately cover the essential
aspects of the real sensor resolution and should also be math-
ematically and numerically tractable. An important aspect
of sensor resolution is its dependence on the sensor–target

distance. This property has been covered in the resolution
model by Koch et al. [3, 4] but is absent in traditional grid-
based approaches [5, 6]. Until recently, the existing resolu-
tion models have been limited to only two targets, whereas,
to the best of our knowledge, a general model for arbitrary
target numbers has not existed.

However, in [7] we extended the resolution model in [3],
given for two partially unresolved targets, to the case of
arbitrary target numbers. A possible integration into the
Joint Probabilistic Data Association Filter (JPDAF) [8] was
sketched there, too. In this paper, we revisit the proposed
resolution model, and we show in more detail how the JPDA
filter incorporation can be made. We also present simulation
results of a ground target tracking scenario with resolution
limitations, where the JPDA filter with the proposed resolu-
tion model is shown to yield better tracking results than the
ordinary JPDAF. The improved tracking performance is due
to a better description of the measurements, which leads to a
lower probability of track merging and, hence, smaller risk
of premature track deletion.

2 Problem formulation
The problem considered in this paper is how to model

the received measurements from an unresolved group of tar-
gets, and how that model can be incorporated into a general
tracking framework. The ultimate goal of a tracking filter is
to calculate the posterior densityp

(
xk

∣
∣Zk

)
of the joint tar-

get state vectorxk, given all measurementsZk up to, and
including, the current time indexk. For theN -target case,
the joint target states is described as

xk =
[
(
x

(1)
k

)T (
x

(2)
k

)T
. . .

(
x

(N)
k

)T
]T

, (1)

wherex
(i)
k is the state of targeti. Further, the collection of

measurements up to time indexk is given by

Zk =
{
Z1,Z2, . . . ,Zk

}
. (2)

In order to perform the calculation of the posterior den-
sity in the presence of resolution uncertainty, we need to



model the measurements from an unresolved group of tar-
gets (henceforth called a group target), and to describe the
resolution probabilities for that group. We also need to
model the motion of the targets.

2.1 Sensor data description
At time indexk, a sensor produces observations which

are either target-generated or spurious. The observationsare
gathered in a measurement vector

Zk =
[
(
z
(1)
k

)T (
z
(2)
k

)T
. . .

(
z
(Mk)
k

)T
]T

(3)

of lengthMk. In this vector,Mt observations are target-
originated andMc are clutter or spurious measurements due
to false alarms (henceforth collectively referred to as clut-
ter), but their respective order is unknown. The uncertainty
in heritage of the data is described as

Zk =
(
Πp ⊗ INz×Nz

)
[
Zc

k

Zt
k

]

, (4)

whereZc
k andZt

k are ordered vectors of clutter- and target-
originated measurements, respectively,Nz is the dimension
of the measurements,⊗ denotes the Kronecker product, and
Πp is anMk-dimensional random permutation matrix.Πp

models one part of the data association uncertainty, viz. the
discrimination between target-generated measurements and
clutter measurements, and in which order they appear in the
measurement vectorZk.

As is common in most tracking algorithms, we assume
that the clutter measurementsZc

k are described by a spatially
homogeneous Poisson process with intensityλ.

To describe the target-originated measurementsZt
k under

perfect sensor resolution, we need to connect each measure-
ment with a single target, which measurement originated
from which target, which is the second part of the data asso-
ciation problem. However, when limited sensor resolution is
taken into account, we instead need to consider associating
one measurement to a group target (possibly of size one).1

Zt
k =

(
Ck ⊗ INz×Nz

)
H̃xk + wk, (5)

whereCk is an unknownMt-dimensional square matrix
which determines the size of the contribution of each target
to each measurement. In the classical problem with perfect
resolution,Ck can at most have a single non-zero element
(a one) per row. Here, although the sum over each row must
still be one, there can be several non-zero elements per row,
describing the merged measurement of an unresolved group
of targets. The multi-target observation matrix is defined as

H̃ = diag{[H, · · · ,H]
︸ ︷︷ ︸

Nt times

}, (6)

1We here assume that a merged measurement from an unresolved group
can be written as a weighted sum of the positions of the individual targets.
In practice, this is not always true, for example due to radartarget glint.

whereH is the single-target observation matrix, which de-
scribes the relation between target state space and the mea-
surement space2. The noise processwk is assumed Gaus-
sian with zero mean and block-diagonal covariance matrix
Rk whose blocks depend on if the measurement is from a
single target or from a group of targets; see Equation 7. Al-
though the measurement model is assumed linear and Gaus-
sian in this paper, the proposed resolution model does not
hinge on linear-Gaussian models, but the description of the
exact posterior density is only given for the linear-Gaussian
case.

2.2 Group measurement model
In this paper, we assume a simple model for the measure-

ment of an unresolved target group (henceforth referred to as
a group measurement). This simple model does not capture
the true nature of a group measurement, but serves the pur-
pose of illustrating the proposed framework. In general, any
group measurement model can be used within the frame-
work.

The assumed model states that a group measurement can
be described as a measurement of the group center, where
the center point is given by the arithmetic mean of the in-
volved target states. That is, for an unresolved group ofng

targets (possibly one), whose state vectors are gathered in
the joint vectorxg

k, their group measurementzt,(j)
k is de-

scribed by

z
t,(j)
k = Hng

x
g
k + u

g,ng

k , (7)

where

Hng
=

1

ng
[H, · · · ,H]
︸ ︷︷ ︸

ng times

, (8)

and whereug,ng

k ∼ N
(
0,R

ng

k

)
is the measurement noise

for an ng-target group. Typically, the measurement noise
covariance matrix increases with increased number of tar-
gets in the group.

2.3 Process model
For the prediction of future states of the targets, a process,

or motion, model is used. We assume that the motion model
is linear and Gaussian, i.e.,

xk+1 = Fkxk + vk, (9)

where Fk is a known system matrix, and wherev ∼
N

(
0,Q

)
is the Gaussian, zero-mean process noise with co-

varianceQ.

3 Resolution model for arbitrary tar-
get numbers

In this section we revisit the recently proposed resolution
model of [7], which we utilize for incorporation in the JPDA

2It is assumed that the relation between the target state space and the
measurement state space can be described using a linear mapping.



filter in Section 5. The model describes the resolution proba-
bility for a group of arbitrary, but known, number of targets,
and it is a generalization of the two-target model in [3].

To describe the event that a group target of arbitrary size
is unresolved, and to express the probability of that event,
it is necessary to have a simple, yet intuitive, model for the
resolution event. The approach of [7] is to have a graph de-
scription of a resolution situation, where each node (vertex)
in the graph represents a target. Two targets are then mu-
tually unresolved if they are connected by an edge in the
graph. Further, a group of targets is unresolved if there ex-
ists a walk in the graph through all target vertices. Conse-
quently, there are several graphs which generate the same
target group. In Fig. 1, a possible graph for a three-target
case is illustrated. The graph is the only graph which rep-
resents the event that target one is unresolved while targets
two and three form an unresolved group.
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3

Figure 1: Illustration of a graph which describes the event
that target one is resolved, while targets two and three form
an unresolved group.

If there are more than two targets in a group, there are sev-
eral graphs which describe that resolution event. In Fig. 2,
all possible graphs which represent the unresolvability ofa
three-target group are illustrated.

What we seek is a probabilistic description of the sensor
resolution, where, conditioned on the states of the targets,
all possible groups of unresolved targets are described and
the probability for each configuration is determined.

3.1 Resolution probabilities
A certain graph describes which targets are connected and

which are not, i.e., which targets are pairwise unresolved,
and which are pairwise resolved. In the proposed model, for
a group to be declared unresolved, not all of the targets in the
group have to be pairwise unresolved, but there needs to be a
connection between all targets (a walk through the vertices
of those targets in the graph). Mathematically spoken, an
unresolved group is represented by a simple, not necessarily
complete, graph. Consider the illustration in Fig. 2, which
shows the four graphs that describe the event that a group
of three targets is unresolved. In the leftmost graph of the
figure, the edge between target1 and target2 resembles the
event that these two targets are pairwise unresolved. The
edge between target1 and target3 states that that pair is
unresolved. Since there is a connection between target2
and target3 (through target1), the group of targets{1, 2, 3}
is unresolved and produces a single group measurement in
the model that we propose.

Depending on the geometry of the resolution problem, not
all connections between targets are possible. For example,

if we track a convoy of targets which move along a straight
road, it is not reasonable that the front and end targets are
mutually unresolved, while targets in the middle of the con-
voy are resolved. In general, for an arbitrary graph, it is suf-
ficient to consider the closest neighboring vertices in each
measurement dimension. For the feasible graphs, the resolu-
tion model of [7] assumes that the probabilities of resolution
arepairwise independent. The resolution probability is then
the product of all pairwise events. For each pair of targets,
the resolution probability is assumed to be captured by the
model in [3].
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Figure 2: Illustration of the four possible graphs which de-
scribe the event that a group of three targets is unresolved.

Consider a general graph,V , for example as illustrated by
one of the graphs in Fig. 2. The probability for that graph,
given the target states, is according to theN -target resolu-
tion model given by

Pr
{
V

∣
∣xk

}
=

∏

Se

Pu(Se)
∏

S0

(
1 − Pu(S0)

)
, (10)

whereSe is the set of pairwise targets that are connected
with an edge ({1, 2} and {1, 3} in the leftmost graph in
Fig. 2), andS0 is the set of pairwise targets that are not con-
nected ({2, 3}). Note thatS0 andSe are given byV , andPu

is a function of the multi-target statexk. Further, we use the
definition of the product over an empty set:

∏

i∈∅ C , 1.

3.1.1 Two-target resolution model

For a certain pair of targetsx(i)
k , x

(j)
k in a setS in (10),

the probability that they are unresolved is, according to [3],

Pu(x
(i)
k ,x

(j)
k ) =

Nres∏

l=1

e
− ln(2)

(
∆

i,jxl
αxl

)
2

, (11)

whereNres is the dimension of the measurement space (2 for
range and azimuth),∆i,jxl is the distance between the pre-
dicted positions of targetsi andj in dimensionxl, andαxl

describes the resolution capabilities of the sensor in dimen-
sionxl. The dimension can for example bexl = r for range,
or xl = ϕ for azimuth angle. The probabilityPu(x

(i)
k ,x

(j)
k )

can also be written as a scaled multivariate Gaussian [3]

Pu(x
(i)
k ,x

(j)
k ) =

∣
∣2πRu,Nres

∣
∣
1/2

N
(
0; ∆i,jxk,Ru,Nres

)
,

(12)

where∆i,jxk is a vector with the distances between the tar-
get positions in each dimension, and where

Ru,Nres =
1

(
2 ln(2)

)Nres/2
diag

{
α2

x1
, . . . , α2

xNres

}
. (13)

For range and azimuth measurements, and small∆ϕ, this
can easily be generalized to Cartesian coordinates by a rota-
tion by the average anglēϕ = (ϕ(1) + ϕ(2))/2.



3.2 Graph likelihood
In this section we derive the likelihoodp

(
Zk

∣
∣V ,xk

)
of

a graph and the joint state vector, given the observed data
at the current time index. The likelihood function cannot
be described without conditioning on the association of data
to the single targets and group targets in the graphV . That
is, we cannot express the likelihood without knowing the
permutation matrixΠp in (4) and the matrixCk in (5). In
this section, we assume that the data heritage is known, i.e.,
that we know these matrices. The information about the data
associations is gathered in the association vectord, whose
jth element isi > 0 if measurementj is assigned to target
group i, and i = 0 if the measurement is due to clutter.
The length of thed vector is equal to the total number of
measurements,Mk.

Conditioned on the data association, it is known which
of the measurements inZk are target-generated and which
originate from clutter. That is, the vectorsZc

k (containing
Mc observations) andZt

k (containingMt observations) are
known, and we can express their densities asp

(
Zc

k

∣
∣V , d,xk

)

andp
(
Zt

k

∣
∣V , d,xk

)
. We start with the clutter density.

As described in the problem formulation, the clutter ob-
servations are assumed spatially uniform in the measure-
ment space. The clutter density is hence

p
(
Zc

k

∣
∣V , d,xk

)
=

1
∣
∣FoV

∣
∣
Mc

, (14)

where FoV is the field of view of the sensor.
Knowing the data association vectord and the graphV ,

the density of target-generated measurements can be de-
scribed as

p
(
Zt

k

∣
∣V , d,xk

)
=

Mt∏

i=1

p
(
z

t,(i)
k

∣
∣d,V ,xk

)
, (15)

wherep
(
z

t,(i)
k

∣
∣d,V ,xk

)
is given by the group measurement

model in (7).
Finally, the likelihood of a graph and the joint state vector,

given the observed data at the current time is

p
(
Zk

∣
∣V , d,xk

)
=

1
∣
∣FoV

∣
∣
Mc

Mt∏

i=1

p
(
z

t,(i)
k

∣
∣d,V ,xk

)
. (16)

4 Calculation of the posterior density
function

In this section, we describe the calculation of the posterior
probability density function (pdf) under unknown resolution
and data association events. Not all details of the calculation
will be given—for that we refer to the paper [7]—but the
main steps will be discussed.

The resolution events are incorporated in the calculation
of the posterior density as a marginalization over all possible
graphsV ,

p
(
xk

∣
∣Zk

)
=

∑

V

p
(
xk,V

∣
∣Zk

)
, (17)

where several graphs can represent the same resolution
event, for example as in Fig. 2. To be able to calculate the
posterior density, we can rewrite it using Bayes’ rule,

p
(
xk

∣
∣Zk

)
=

∑

V

p
(
Zk

∣
∣V ,xk

)
Pr

{
V

∣
∣xk

}
p
(
xk

∣
∣Zk−1

)

p
(
Zk

∣
∣Zk−1

) .

(18)

Therefore, to express the posterior density, we need the ex-
pressions for the graph probabilitiesPr

{
V

∣
∣xk

}
, and for the

likelihood p
(
Zk

∣
∣V ,xk

)
of the graph and the state vector,

which was described in Section 3 for a given data associa-
tion.

On top of resolution uncertainties, we also have uncer-
tainty in the data association. For known data association,
the posterior density is given by (18). The pdf under un-
known association is consequently found by marginalizing
over all possible data association events. LetD(V) be the
set of data association hypotheses for the graphV . We then
obtain an expression for the posterior density under both res-
olution and data association uncertainties as

p
(
xk

∣
∣Zk

)
∝

∑

V

Pr
{
V

∣
∣xk

} ∑

d∈D(V)

Pr
{
d|V ,xk

}

× p
(
Zk

∣
∣V , d,xk

)
p
(
xk

∣
∣Zk−1

)
. (19)

In (19), p
(
xk

∣
∣Zk−1) is the predicted density of the target

states, which we want to update with information from mea-
surements. In the following sections, we first describe the
update with the measurement likelihood, then the update
with the data association probabilities, and finally the ‘neg-
ative information’ update with resolution model.

4.1 Update with the measurement likelihood
Here, we summarize the update of the predicted target

density function using information from measurements and
from the measurement model. The description of the ori-
gin of theMk measurements at time indexk is governed
by the set of data association hypotheses,D(V). For each
hypothesisd in D(V), we describe the update of the pre-
dicted density, i.e., we present an expression for the product
p
(
Zk

∣
∣V , d,xk

)
p
(
xk

∣
∣Zk−1) in (19).

The pdf over the received measurements is expressed
in (16). When updating the predicted density, all Gaussian
densities in (16) have to be considered. However, since the
pdf of received measurements is a product of Gaussian den-
sities, the update can be done sequentially, one Gaussian at
a time. Just as the measurement pdf, the predicted density is
a product of Gaussians (assuming independent target states
at timek − 1, independent target motions, and a Gaussian
approximation over the data association events at timek−1)

p
(
xk

∣
∣Zk−1

)
=

N∏

i=1

p
(
x

(i)
k

∣
∣Zk−1

)
. (20)

For the single-target detection, the single-target density
p
(
x

(i)
k

∣
∣Zk−1

)
is updated with the corresponding single-



target measurement density. For group targets, the prod-
uct of Gaussians for the group is updated with the group-
measurement density. By viewing a single target as a group
target with size one, the description of the update with the
likelihood function can be held for a generic group of size
one or more.

As previously noted, the update of the predicted den-
sity can be performed sequentially for each target-generated
measurement at a time (under the described assumptions).
In the following, we will describe one of those updates. That
is, we will describe the update of the predicted state of a
groupg, with joint state vectorxg

k, with the associated mea-

surementz(i)
k . The full update of the predicted density is

then given by a sequence of group target updates.
Through the data association hypothesisd ∈ D(V) it is

known which target generated which detection. For a certain
pair of group targetxg

k (possibly of size one) and associated

detectionz(j)
k , it holds that

p
(
x

g
k

∣
∣Zk−1

)
= N

(
x

g
k;xg

k|k−1,P
g
k|k−1

)
(21)

p
(
z
(j)
k

∣
∣x

g
k

)
= N

(
z
(j)
k ;Hng

x
g
k,R

ng

k

)
, (22)

whereHng
is the measurement model matrix andR

ng

k is
the measurement noise covariance matrix for a group ofng

targets (cf. (7)). The product of the two Gaussian densities
can be written as

N
(
x

g
k;xg

k|k−1,P
g
k|k−1

)
N

(
z
(j)
k ;Hng

x
g
k,R

ng

k

)

= N
(
x

g
k;xg

k|k,Pg
k|k

)
N

(
z
(j)
k ; ẑg

k|k−1,S
g
k

)
, (23)

where expressions forxg
k|k, Pg

k|k, ẑg
k|k−1 andS

g
k are found

by identifying terms in the standard Kalman filter equations
(see [7] for details). As a function ofxg

k, the product (23) is
a weighted Gaussian.

4.2 Update with the data association proba-
bility

The second factor to consider in the calculation of the pos-
terior density (19) is the probability of a data association
eventd, Pr

{
d
∣
∣V ,xk

}
.

To obtain a general expression forPr
{
d
∣
∣V ,xk

}
in (19),

we defineP
u,ng

D as the detection probability for an unre-
solved group ofng targets. Then, using the definition of the
data association vectord in Section 2,

Pr
{
d
∣
∣V ,xk

}
= Pc(Mc)

(
Mk − Mt

)
!

Mk!

×
∏

{j: d(j)=0}

(
1 − P j

D

) ∏

{j: d(j)>0}

P j
D, (24)

where {j : d(j) = 0} is the set of clutter detections,
{j : d(j) > 0} is the set of target-generated measurements,
andPc(Mc) is the probability of receivingMc clutter mea-
surements, which is given by the Poisson mass function with
parameterλ. Further, the detection probabilityP j

D for mea-
surement indexj is equal toPD if the measurement comes

from a single target andPu,ng

D if it comes from an unre-
solved group ofng > 1 targets.

4.3 Update with negative information
In the previous sections, we have described the update of

the predicted multi-target pdf using the measurement likeli-
hood and the data association probabilities. What remains
is the update of the conditional densities with the resolu-
tion probabilities, which are a part of the graph probabilities
Pr

{
V

∣
∣xk

}
in (19). As seen in (10), the graph probability

is a product of probabilitiesPu of unresolved pairs, which
in turn are described by scaled Gaussian densities, as seen
in (12).

Let us for simplicity start with a part of the full
Pr

{
V

∣
∣xk

}
expression, i.e., let us consider the resolution

probability for a single unresolved group ofng targets in the
graph. The full resolution probability, then, is the product of
the resolution probabilities for all groups and the probabil-
ity of all open inter-group connections in the graph (there are
no edges between vertices of different groups). The group
that we consider has a joint state vectorx

g
k and generates a

group measurement that is used for updating the joint pre-
dicted pdf, as described in (23). LetGu be the set of unre-
solved pairs in the group, for which it holds thatGu ⊂ Se

(cf. (10)). Then, according to (12),

Pr
{
Gu

∣
∣x

g
k

}
=

∏

{i,j}∈Gu

∣
∣2πRu,Nres

∣
∣
1/2

N
(
0; ∆i,jx

g
k,Ru,Nres

)
.

(25)

To make the update of the group state, we would like the
probability of the unresolved pairs to be a function ofx

g
k,

and not a function of the vector∆i,jx
g
k, as above. By using

the Kronecker delta

δk,i ,

{

1 if k = i

0 otherwise,
(26)

the vector

π(i,j)(k) , δk,i − δk,j ; k = 1, . . . , ng, (27)

and the matrix

Π(i,j) = π(i,j) ⊗ INres×Nres, (28)

we can write the probability that a pair of targets are unre-
solved as a function ofxg

k as (cf. (12))

Pr
{
Gu

∣
∣x

g
k

}
=

∏

{i,j}∈Gu

{

N
(
0;Π(i,j)x

g
k,Ru,Nres

)

×
∣
∣2πRu,Nres

∣
∣
1/2

}

. (29)

For one pair of targets(i, j) in the group, we can then per-
form the re-factorization

N
(
0;Π(i,j)x

g
k,Ru,Nres

)
N

(
x

g
k;xg

k|k,Pg
k|k

)

= N
(
0;Π(i,j)x

g
k|k,Sg,ij

k

)
N

(
x

g
k;xg,ij

k|k ,Pg,ij
k|k

)
, (30)



where the post-refactorization parameters, again, are given
by the Kalman filter update equations (see [7] for details).

The ‘negative information’ from a missed detection due
to resolution limitations is hence incorporated in the fil-
tering framework as a measured ‘0’ of the separation of
a target pair. For the next unresolved pair of targets
(l, m), we do a similar re-factorization of the product
N

(
0; Π(l,m)x

g
k,Ru,Nres

)
N

(
x

g
k;xg,ij

k|k ,Pg,ij
k|k

)
.

After the update with all unresolved pairs, we need to up-
date the resolved pairs of the group, represented by the set
Gr, for which it holds thatG = Gu ∪Gr is the set of all pair-
wise connections in the group. The resolution event proba-
bility, considering only this group, is then given by (cf. (29))

Pr
{
G
∣
∣x

g
k

}
= Pr

{
Gu

∣
∣x

g
k

}
Pr

{
Gr

∣
∣x

g
k

}
(31)

with

Pr
{
Gr

∣
∣x

g
k

}
=

∏

{l,m}∈Gr

{

1 −
∣
∣2πRu,Nres

∣
∣
1/2

×N
(
0;Π(l,m)x

g
k,Ru,Nres

)}

. (32)

As seen in (32), the probability of resolution for a pair of
targets is one minus the probability that they are unresolved.
Performing a negative information update for that pair, sim-
ilarly to (30), gives two Gaussian components. Thus, each
update with a resolved pair of targets doubles the number of
Gaussian components.

Alternatively to the sequential update considered here, it
is possible to update each product of exponential factors by
a single re-factorization in an extended target state spaceus-
ing block matrices of the dimensionD = dim(xg

k) × |Gu|.
Details of the sequential and the block matrix update will be
presented in a separate publication [9].

We now have discussed the update of a group target state
using the part of the graph probabilityPr

{
V

∣
∣xk

}
which in-

cludes the pair-wise connections within a group. This de-
fines a procedure to update several separated groups. What
remains to handle are the connections between groups, i.e.,
the open links (due to resolvability) between vertices of dif-
ferent clusters, which are part of the graph probability (rep-
resented as a(1 − Pu) factor, cf. (10)). The treatment of
inter-connections can be handled in the same way as the up-
date of a group state, if a new state vector is formed, which
contains the state vectors under consideration. Then, up-
date in the same way as presented can be performed. How-
ever, the number of updates increases dramatically, since all
combinations of two, three, four and more combinations of
pairwise open edges have to be considered. But, when tar-
get groups are well separated, thePu factors are very small,
and in those cases the updates including that pair of targets
can be neglected. In practice, this is anticipated to occur in
most situations. Then, each group can be handled separately,
without interactions.

5 JPDA filter incorporation
As described in Section 4, the calculation of the poste-

rior density under unknown data association and resolution

events includes the sum over a large number of multiplica-
tions of Gaussian densities and scaling factors. The density
after update (assuming it was Gaussian before the update)
can be expressed as

p
(
xk

∣
∣Zk

)
=

∑

V

∑

u∈U(V)

∑

d∈D(V)

cV,u,dN
(
xk;xV,u,d

k|k ,PV,u,d
k|k

)
,

(33)

where the scalingcV,u,d depends on the data association
probabilityPr{d

∣
∣V ,xk} (cf. (24)), the graph and state vec-

tor likelihoodp
(
Zk

∣
∣V , d,xk

)
(cf. (16)) and the graph prob-

ability Pr{V
∣
∣xk} (cf. (10)). The sum overu ∈ U comes

from the negative-information update, where each update
with a resolved pair of targets doubles the number of Gaus-
sian components (see the discussion after (32)). The scal-
ing is normalized such that the sum overcV,u,d is one. The
expected valuexV,u,d

k|k and covariance matrixPV,u,d
k|k of the

joint state vector under a resolution and data association hy-
pothesis is found by a sequence of measurement updates
(one for each group in the graph) and negative information
updates (one for each pairwise connection in the graph).

The standard JPDA filter makes a Gaussian approxima-
tion of a Gaussian mixture at each time step. Similarly, a
JPDA filter with a resolution model should make a Gaus-
sian approximation of the mixture in (33). We present two
alternatives of making the approximation:

1. Perform a moment matching over the full Gaussian
mixture in (33).

2. First perform a moment matching over the data asso-
ciation hypotheses for a given graph, and then make a
second moment matching over the set of graphs, after
negative information update.

While the first alternative is more exact, the second option
requires much less computations.

By A1 we denote the first approximation, and byA2 the
other one. Then, under the two alternatives, we make the
approximations

p
(
xk

∣
∣Zk

)
≈ N

(
xk;xAi

k|k,PAi

k|k

)
, (34)

where

x
A1

k|k =
∑

V

∑

u∈U(V)

∑

d∈D(V)

cV,u,dx
V,u,d
k|k (35)
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(36)

for the first alternative, and

x
A2

k|k =
∑

V

∑

u∈U

cV,ux̄
V,u
k|k (37)
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k|k

)T
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(38)



for the second alternative. The state vectorx̄
V,d
k|k and co-

variance matrixPV,u
k|k are given by first making a moment

matching over the data association hypotheses for a given
graphV ,

∑

d∈D(V)

cV,dx
V,d
k|k ≈ N

(
xk; x̄V,d

k|k ,PV,u
k|k

)
, (39)

where cV,d is given by the data association probabil-
ity and the measurement likelihood, and then updating
the resulting Gaussian density with negative information
using the resolution model. Similarly,cV,u is given
by the negative-information update, usingPr{V

∣
∣xk} and

N
(
xk; x̄V,d

k|k ,PV,u
k|k

)
(see (29), (30)).

6 Simulation Results
In this section we study a simple simulated tracking ex-

ample with two targets. In the scenario, the targets are first
approaching each other, then move in parallel, and finally
separate. Due to limited sensor resolution, the two targets
are not always resolved. Since the targets are closely spaced,
there is a big risk of track coalescence in the ordinary JPDA
filter. Example output from the JPDA filter without and with
resolution model incorporation can be found in Figs. 3 and
4, respectively. As seen in the figures, the tracks from the
JPDA filter with resolution model are more separated, due
to a better description of the received measurements. The
targets move with a constant speed of5 m/s, and the true
separation of the targets is40 m in the parallel section.

At time intervals,T , of one second a sensor measures the
x andy position of the targets. The measurement noise is
governed by (cf. (7))

R1 =

[
16 0
0 16

]

, R2 =

[
64 0
0 64

]

(40)

for single and group target measurements, respectively.
For prediction of future states, a (nearly) constant velocity

model is used, with system matrixF =
[

F̃ F̃
]

(cf. (9)),

F̃ =







1 0 T 0
0 1 0 T
0 0 1 0
0 0 0 1







, (41)

and process noise covariance matrixQ =
[

Q̃ Q̃
]
, where

Q̃ = q0







T 3/3 0 T 2/2 0
0 T 3/3 0 T 2/2

T 2/2 0 T 0
0 T 2/2 0 T







, (42)

andq0 = 0.6.
The sensor resolution model is used for generation of

measurements. The resolution capabilities of the sensor are
described by the parametersαx andαy, see (13). In this
scenario, both resolution parameters are set to40 m. The

probability of detection is0.95 and the average number of
clutter measurements is5 per scan.

For evaluation of tracking performance, two measures are
used. The first one is the Mean Optimal Subpattern Assign-
ment (MOSPA) measure [10], which is a measure that disre-
gards target identity and thus only considers the estimation
of where there are targets. The second measure is the Root
Mean Square Error (RMSE) of the position error.

In Fig. 5, the MOSPA performance, averaged over500
Monte Carlo runs, is shown for the JPDA filter with and
without resolution model, and for the case of perfect resolu-
tion, i.e., when the targets are always resolved. The results
clearly show that the JPDA filter with resolution model per-
forms better than the filter without resolution model.

The performance in RMSE sense, averaged over500
Monte Carlo runs, is shown in Fig. 6. Obviously, also the
RMSE performance is improved when the resolution model
is incorporated in the JPDA filter. The increased RMSE of
the JPDA filter in the end of the scenario is due to the fact
that there is a larger probability of track switch for that filter,
compared to the filter with resolution model.
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Figure 3: Typical tracking result for the JPDAF without res-
olution model.

7 Summary and Outlook
We have proposed a sensor resolution model for arbi-

trary target numbers, which is an extension of the two-target
model by Koch and van Keuk [3]. The resolution model
leads to additional data association possibilities and to a
multi-target likelihood function that takes missed detections
due to merged measurements into account. The correspond-
ing posterior density function is derived explicitly. As the
filter update, in general, is infeasible, the extensive Gaussian
mixture has been approximated by a JPDA filter. The appli-
cation to a simple target tracking scenario shows a signifi-
cantly improved tracking performance if the sensor resolu-
tion model is used. While these first results are encouraging,
more simulations are needed to confirm the practicability of



−200 −100 0 100 200 300 400 500 600 700
−250

−200

−150

−100

−50

0

50

100

150

200

250
JPDA with resolution

Figure 4: Typical tracking result for the JPDAF with resolu-
tion model.
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Figure 5: MOSPA performance of the JPDAF without reso-
lution model (top), with resolution model (middle) in com-
parison to the case of perfect sensor resolution (bottom).

the presented approach. In particular, the stability against
resolution model mismatch needs to be investigated. Fur-
thermore, the resolution model and the corresponding likeli-
hood function can also be integrated into more sophisticated
tracking filters such as the Multiple Hypothesis Tracker or
the Probability Hypothesis Density Filter.

References
[1] S. Blackman and R. Popoli,Design and Analysis of

Modern Tracking Systems. Norwood, MA: Artech
House, 1999.

[2] F. Daum and R. Fitzgerald, “Importance of resolution
in multiple-target tracking,” inSignal and Data Pro-
cessing of Small Targets, ser. Proc. SPIE, vol. 2235,
1994.

0 50 100 150 200
0

50

100

150

200

250

300

350

400

450

Time [s]

R
M

S
E

 [m
]

RMSE performance

 

 

Without resolution model
With resolution model
Perfect resolution

Figure 6: RMSE performance of the JPDAF without resolu-
tion model (top), with resolution model (middle) in compar-
ison to the case of perfect sensor resolution (bottom).

[3] W. Koch and G. van Keuk, “Multiple hypothesis track
maintenance with possibly unresolved measurements,”
IEEE Transactions on Aerospace and Electronic Sys-
tems, vol. 33, no. 3, pp. 883–892, July 1997.

[4] W. Koch, “On ‘negative’ information in tracking and
sensor data fusion: Discussion of selected examples,”
in Proceedings of the 7th International Conference on
Information Fusion, 2004.

[5] K. Chang and Y. Bar-Shalom, “Joint probabilistic
data association with possibly unresolved measure-
ments and maneuvers,”IEEE Transactions on Auto-
matic Control, vol. 29, no. 7, pp. 585–594, July 1984.

[6] S. Mori, K. Chang, and C. Chong, “Tracking aircraft
by acoustic sensors; multiple hypothesis approach ap-
plied to possibly unresolved measurements,” inAmer-
ican Control Conference, June 1987, pp. 1099–1105.

[7] D. Svensson, M. Ulmke, and L. Danielsson, “Multitar-
get sensor resolution model for arbitrary target num-
bers,” inSignal and Data Processing of Small Targets,
ser. Proc. SPIE, vol. 7698, 2010.

[8] T. Fortmann, Y. Bar-Shalom, and M. Scheffe, “Sonar
tracking of multiple targets using joint probabilistic
data association,”IEEE Journal of Oceanic Engineer-
ing, vol. 8, no. 3, pp. 173–183, July 1983.

[9] D. Svensson, M. Ulmke, and L. Danielsson, 2010, in
preparation.

[10] D. Schuhmacher, B.-T. Vo, and B.-N. Vo, “A consistent
metric for performance evaluation of multi-object fil-
ters,”IEEE Transactions on Signal Processing, vol. 56,
no. 8, pp. 3447–3457, August 2008.


